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Abstract

We consider a dynamic panel AR(1) model with fixed effects when both n and T are large. It is shown
that the MLE motivated by the random effects assumption is asymptotically unbiased even when the

assumption is violated.
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1 Introduction

In this paper, we consider estimation of a dynamic panel data model with fixed effects. We consider

estimation of the autoregressive parameter 3, in a dynamic panel model with fixed effects
yit:ai—&—ﬁoyi,t_l—i—sit, t=12,....,T;i=1,...,n. (1)

The model has additive individual time invariant intercepts (fixed effects) along with a parameter common
to every individual. The total number of parameters is therefore equal to n plus the dimension of the
common parameter, say K. When n is large relative to T, a maximum likelihood estimator (MLE) of
all n + K parameters would lead to a severely biased estimate of the common parameter of interest. See
Neyman and Scott (1948), and Nickell (1981). Some of the recent literature proposed to remove such
bias, adopting an asymptotic framework where n and T grow to infinity at the same rate. See Hahn and
Kuersteiner (2002), Alvarez and Arellano (2003), or Hahn and Newey (2003).

In this paper, we consider the asymptotic properties of a random effects MLE. To be exact, we will
consider the MLE computed under the (possibly) incorrect assumption that «; is a normally distributed
random variable independent of y;q. It is shown that such a random effects MLE has a zero asymptotic
bias. Moreover, the asymptotic distribution is the same as the bias corrected MLE developed in Hahn and
Kuersteiner (2002). Therefore, the random effects MLE is efficient according to the convolution theorem
derived there. These results hold regardless of the correctness of the random effects assumption.

Alvarez and Arellano (2003) obtained a similar but slightly more restrictive result. They showed that
the pseudo MLE based on the correlated random effects model, where «; is specified to be normally dis-
tributed with arbitrary unknown correlation with y;g, is asymptotically unbiased. Our result strengthens
their by showing that the pseudo MLE remains asymptotically unbiased even when «; is specified to be

independent of y;p.

2 Random Effects Mis-Specification

We consider a panel model with fixed effects
yit:ai+ﬁoyit—1+€it, i:l,...,n;t:l,...,T (2)

where we observe the sample y;q, ..., y;7 for each individual.We first examine the sampling properties of
the maximum likelihood estimator (fixed effects estimator) when both n and T are large. We impose the

following regularity condition.

Condition 1 (i) gy ~ N (0,08) i.id.; (i) 0 < lim % = p < oo; (i) |By| < 1; and (iv) 37 yd) =
O(1) and 137 0?2 =0(1).

Observe that the MLE b is such that

A Y (e — &) - (Y1 —Ti)
VnT (b— By) = YL ’ ;
( ° ﬁ Z?:l 23:1 (Z/itﬂ — @i,)2 (3)




where 7, = % Zthl Yit—1 and g; = % ZtT €it. Under our asymptotics, we can obtain the result that the
fixed effects MLE is asymptotically biased:
VT (b — B) —>./\/'(—\/ﬁ(1—|—ﬁo),1—,8(2)).

See Hahn and Kuersteiner (2002) or Alvarez and Arellano (2003).
We now consider the maximum likelihood estimator computed under the possibly incorrect assumption

that oy is a normally distributed random variable independent of y;q:
ol yio ~ N (p,w?) . (4)

The nature of misspecification is that «; is assumed to be independent of y;o when in fact they may have
arbitrary correlation. It will be established that the maximum likelihood estimator of the misspecified
model is efficient under the alternative asymptotic approximation we adopt in this paper.

The log likelihood under (4) is equal to

2
L (0% B,\ p) = —nTlogo? +nlog A —nlog (T + \) — %)\

n T .
! 2, 1 1 ,
o2 it it— ST T (7. — By, A
o2 ;; (yit — Byit—1)" + 2T + A ; (T (g, — Byi_) + ),
where §; = & 0, Yit, i = % 24y Yir—1, and A = 0%/ w?. Let Bpp denote the (pseudo-) maximum

likelihood estimator solving max? 4, £ (02,8, A, p). It is shown that BRE is consistent and asymptoti-

cally normal:
Theorem 1 Under Condition 1, we have vnT (BRE - 50) —N(0,1— 6(2))

Proof. See Appendix C. m

The asymptotic distribution of B rE is the same as the bias corrected maximum likelihood estimator
developed in Hahn and Kuersteiner (2002), and the result holds regardless of the correctness of the
random effects assumption. This surprising result seems to have at least two practical consequences.

Our result casts reasonable doubt on the finite sample properties of Hausman tests for this particular
model. Consider an econometrician faced with a dynamic panel model with fixed effects. He is entertain-
ing two estimators: A maximum likelihood estimator for the random effects model, and an IV estimator
based on first differencing. Assume that he approximates the model by the usual T fixed n — oo as-
ymptotics. Under the null, i.e., under assumption (4), both estimators are consistent but MLE is more
efficient. Under the alternative that (4) is incorrect, there would be a statistically significant difference
between the two. If the difference is rather small, he will opt to use the random effects MLE. If the
difference is large, he will use the IV estimator. Now, suppose that the alternative asymptotic approxi-
mation considered in this paper is a better one. It then follows that the difference between the two will
be asymptotically nonzero whether the null is correct or not. It is quite possible that the econometrician
would conclude that the difference between the two estimators is statistically significant, based on which
he will opt to report the IV estimator. But the IV estimator is asymptotically biased under the alternative
asymptotic approximation as argued by Alvarez and Arellano (2003). It therefore follows that, with high
probability, an econometrician would choose to use an inferior estimator due to the puzzling property of

the random effects estimator.



Appendix

Maximizing it over (A, i), we obtain the concentrated likelihood

n n 2
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It can also be shown that
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where (X (02,8) .10 (02,6)) = argmaxy ) £ (0%, 6, ). Let (32RE,BRE,XRE,ﬁRE) denote the maxi-
mum likelihood estimator.

A Technical Lemmas

Lemma 1 T Yo t 1 (o + €Zt) = lim % S at+od+o, (1), % Yo (o + 61) = lim % Dy
op (1).

Proof. With some abuse of notation, we can write

1 n T 1 n 2 1
ﬁzz a1+51t :Ezai 7

i=1 t=1 i=1 i=1 t=1
T) 4o
_ 2, o2X 0 2
= Z 70 +N ( ' 2T - %’) .
which establishes the first claim. The second can be similarly established. m
Lemma 2 1Y% 72 = w lim 137" a? + o0, (1).

Proof. We have

_ — BT 1B T —By—BT+BIT )
i— N + 79
! < ﬁoy (1 _50) By T

independent across s, where

T(1-83) =28y + 280 = B3 +288 -1
T2 (1 By)* (1 - 53)

=o0(1). (6)

Yr = 00



based on which we obtain
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Proof. We have
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Using equation (5) in the proof of Lemma 2, we can show that

1 n
— Z oY =
n 1

By Hahn and Kuersteiner (2002, Lemma 6), we also have
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Finally,
1 n
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where the first equality is based on Lemma 2. The conclusion follows from (7), (8), (9), and (10). m

n T
Lemma 4 % oY Vi = =82 ) lim £ Zz Laf + - ,52 +0p (1).

Proof. We have

n T n
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The conclusion follows from Lemma 2 and Hahn and Kuersteiner (2002, Lemma 7).

B Consistency of (/BRE,&\%E)

The pointwise limit of £ (02, ﬁ) / nT is equal to the limit of
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2 1 n 2 B—Bq 2 2 (B—B0)*
Lemma 5 - 3" t L Wit — Byir—1)” = (im L Y"1 | a?) (1 - 1_50) + 0§ (1 + g ) +0,(1).
Proof. We have

1 n T 1 n T 1 n T
ﬁZZ(yit_ﬁyit—l)Q Zﬁzz ai+eun)’ —2(8— By) ﬁzz Qi + €it) Yit—1

i=1 t=1 i=1 t=1 i=1 t=1

n T
+ (8- Bo)° ZZ (12)
=1 t=1

Conclusion follows from combination of (12), Lemmas 1, 3, and 4. =
Lemma 6 1 >" (7, — ,Byi_) (1 - ﬁ—go) lim 137" a? + o0, (1).
Proof. Note that

Z 5yz 2:%2 al+€l ﬂ BO) HZ 5 BO %Z a1+51 Yi-
i=1 i=1

z:l =1
Combining this result with Lemma 1, and Lemma 2, equations (8), and (10), we obtain the desired

conclusion. m

Theorem 2 (BRE#??%E) = (Bg,08) + 0, (1).
Proof. Combining (11) with Lemmas 5, and 6, we conclude that the pointwise limit of £ (02, ﬂ)/nT
is equal to —logo? — Z—é (1 + %
0

uniform, as is verified in Appendix D, (B, 32) should be consistent for (ﬁo, 0(2)). Conclusion follows. m

), which is maximized at (ﬂmog). Because the convergence is

C Proof of Theorem 1

We have

VnT (BRE - 50) =

1 n T ~. =, TXRE 1 n :_ ~. T)\RE
I 2imt o= Yir—18it 3500 o 2 im Uin i Tne AT Lic1 Ui
1 1 _TApp '

nT Z Zt 1 y’bt nT T+)\ Zz 1 i—

By Hahn and Kuersteiner (2002, Lemmas 6 and 7), we have

1 I n o oy
\/ﬁzt_zlyit—l&'tﬂ\/»m)l 50+N< 50) (13)

T 2
g
T > V1= 2 +0p(1). (14)

Using consistency of (E, 32) along with equations (5) and (6), we also obtain fipy = lim 2 3"  «a; +

X 3 =2 T 1 = = 5
Op (1)’ T+§§E ~ Im 71L ZWUO (i 704)2 + Op ( ), nT Zz 1 i— Op (1)7 T+§§E VnT Z?:l Yi—i = \/?1(_;?30 +
op (1), m S Wi_Ei = 0, (1), from which we can infer
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Combined with (13) and (14), we obtain the conclusion.

D Uniform Convergence

Let Qn (a{ﬁ) = % (02,6) and @ (02,6) = —logo? — (1 + (1 62) ) It was already shown that

n
@n (02, 6) — @ (02 ﬁ) pointwise. Therefore, the convergence is uniform as long as
1. @n is maximized over (02,5) € O, a compact set, and (0(2),60) € 0;
2. @n (02, ﬁ) satisfies stochastic equicontinuity.

See Newey (1991) for details.

We will simply assume that © is compact. As for stochastic equicontinuity, we will show that
@n (02, 6) satisfies Lipschitz condition. By Newey (1991, Corollary 2.2), this will be sufficient for uniform
convergence. We will show that the derivatives of @,L are Oy (1): By the usual mean-value-theorem type
argument, this will establish Lipschitz.

We note that

T-1 1 & & 1
aO_QQn( aﬂ) :_W ﬁl:ltz:;(yit_ﬁyit 1 2, — Byz )
and
0 ~ 2n 1
7Qn 0276 ==
059 (") T iy (m-69,) - (X0, (5 - 65,))
1 & 1, B 1<
{ng —BY; ) Ui — (n 2 (yiﬁyi_)> (nZy_>}
21 K& n
72722 Yit — »3%15 1 Yit—1 — — Z ﬂyl Yi_-
=1 t=1 i=1

Therefore, Newey’s (1991) Assumption 3A would be satisfied if 1T > ZtT 1 (yir — ﬂyit_l)Q, % S ( - 5y, ) ,
%21;1 (gi - 5?1'—) Yi_s %Zl 1 ( - By, _ ) ZZ 1Yi_, and nT > Zt 1 (Yit — BYit—1) Yir—1 are all

O, (1), which follow from the compactness of © and Lemma 6.
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