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Abstract

The fixed effects estimator of panel models can be severely biased because of well-known incidental parameter
problems. It is shown that this bias can be reduced as T' grows with n. We consider asymptotics where n
and T grow at the same rate as an approximation that allows us to compare bias properties. Under these
asymptotics, bias corrected estimators we propose are centered at the truth, whereas fixed effects estimators
are not. Our methods are applicable to a wide variety of non-linear dynamic panel models. We discuss

several examples and provide Monte Carlo evidence for the small sample performance of our procedure.



1 Introduction

Panel data, consisting of observations across time for different individual economic agents, allows the possi-
bility of controlling for unobserved individual heterogeneity. Failure to control for heterogeneity can result
in misleading inferences. One method to deal with unobserved individual effects is to treat each effect as a
separate parameter to be estimated. Unfortunately, these estimators are typically subject to the incidental
parameters problem noted by Neyman and Scott (1948). The estimators of the parameters of interest will
be inconsistent if the number of individuals goes to infinity while the number of time periods is held fixed,
which suggests that fixed effects estimators may be severely biased.

Hahn and Kuersteiner (2002) recently showed that the bias in a panel AR(1) model can be alleviated
substantially by considering an alternative approximation where the number of individuals (n) and the
number of time series observations (T') grow to infinity at the same rate. Hahn and Newey (2002) showed
how the bias correction can be implemented in a static nonlinear panel data model with fixed effects under
the same asymptotics. The static assumption there is so strong that both dependent and explanatory
variables are required to be independently distributed over time. In other words, even explanatory variables
are required to be independent and identically distributed over time, which is clearly violated for many
applications. In this paper, we examine asymptotic biases of general dynamic nonlinear panel models with
fixed effects, and develop methods to remove them.

Our analysis could provide a useful alternative to papers that propose estimators that have desirable
properties with T fixed such as Honoré and Kyriazidou (2000), who examined a dynamic binary response
model. Their identification and estimation methodology requires conditioning on covariates taking identical
values over time, which is not required in our approach. On the other hand, it is expected that our approach
requires reasonably large T to be a good approximation. We investigate in Monte Carlo experiments how
large T needs to be in practice for our approach to work. For the dynamic Probit model discussed in Example
2, we find that the bias can be reduced by half when T" = 16 in samples of 250 and 500 individuals. For
the dynamic Logit model similar bias reductions are available already for T' = 8, again for 250 and 500
individuals. As far as the root mean squared error (RMSE) of the estimators is concerned, we find that for
the MLE the bias component by far is the dominating factor of the RMSE. Our simulation results also show
that bias correction does not seem to come at the cost of increased variances and consequently the reductions
in RMSE of our bias corrected estimators relative to the MLE are of the same order of magnitude as the
bias reductions. The sample sizes we consider in our Monte Carlo experiments are relevant for many real
life applications in labor economics and consumer choice.

There exist a number of methods for bias correction in the literature. The jackknife and bootstrap are
examples. In an iid context it was shown by Hahn, Kuersteiner and Newey (2002) that these methods are all
equivalent. With temporal dependence this equivalence is not likely to carry over in general because the need
to employ blocking schemes reduces relevant rates of convergence for bias estimators. More specifically it is
not clear how the jackknife discussed in Hahn and Newey (2002) could be adapted to the situation where
observations are dependent. A potential drawback of any bias correction method is that the fixed effect
estimators are needed as preliminary estimators for estimates of the bias, and may strongly affect the quality
of the latter, as discussed by Kiviet (1995) in a slightly different context. Our Monte Carlo experiments shed

some light on the finite sample performance of our method.



One advantage of our approach is that it is quite flexible. We discuss examples that show how our method
can be applied to a variety of, mainly parametric, non-linear models. For some of these models there do not

seem to exist any adequate alternative estimators which are less biased than the MLE in finite samples.

2 Bias Corrected Estimator: Intuition

In this section, we characterize the approximate bias of the fixed effects estimator for a dynamic nonlinear
panel model. We consider an asymptotic approximation where n and T grow to infinity at the same rate.
We show that the fixed effects estimator is consistent and asymptotically normal, but has an asymptotic
bias. We provide a formula for the asymptotic bias under our asymptotic approximation.

Suppose that we are given a panel data model with a common parameter of interest 6y and individual

specific fixed effects 7,y, ¢ = 1,...,n. Suppose we define a maximization estimator as

T

(0311-13,) = argmax 303" (@ ,7,) Y

0915 Vn 51 t=1

for some criterion function ¢ (-) that does not depend on 7. We assume that 1 is a sensible function that a
time-series econometrician would use: If n is fixed, and T" — oo, the estimator is such that (5, Viyeee ,‘?n)

is consistent for (6, V19 - - ->Vno)- For simplicity of notation, we will assume dim () = R and dim (y) = 1.

Example 1 The binary panel model with fized effects is characterized by yix = 1 (v;9 + 25,00 + €i1) where e;
conditional on zy either has a logistic or standard normal distribution. The MLE, defined as the mazximizer

of
Z?:l 23:1 [yit log A (; + the) + (1 —yit)log (1 — A (v; + Z;te))] )

where A denotes the Logit or Probit CDF, is consistent as T — oo. The MLE is a special case of (1),
with w5 = (yie, 2) and v (2:430,7,) = yie log A (v; + #40) + (1 — yr) log (1 — A (3; + #40)). Eatensions to
multinomial Logit follow easily in the same way and have been applied for example by Hendel and Nevo
(2002).

Example 2 The dynamic binary panel model with fized effects is defined asyi = 1 (7,0 + 2480 + ToYit—1 + €it)
where the MLE is again obtained from mazimizing the conditional likelihood based on the Logit or Probit CDF

depending on whether ;¢ is conditionally logistic or standard normal. The criterion then takes on the form
¥ (i3 0,7;) = yir log A (v; + 28+ Tyir—1) + (1 — i) log (1 — A (v; + 2,8 + Tyir—1))

with Tt = (Yit, 2, Yir—1) and 0 = (ﬁ’,r)/. This model has been applied by Chintagunta, Kyriazidou and
Perktold (2001) to household brand choices.

Example 3 Tobit Models with Lagged Dependent Variables and Fized Effects have been considered by Honoré
(1993) who obtains orthogonality conditions and constructs a method of moments estimator. The model can
be written as y;x = max (0, 25,8y + ToYit—1 + Vip + €it). If €ir is iid Gaussian as in the previous example, we

obtain

¥ (@i30,7;) = 1{yir = 0} log A ((Tyir—1 + 28+ ;) Jo3=) + 1{yir > O} X ((yie — Tyie—1 — 248 — ;) [o5)



where A is the cumulative distribution function of the standard normal distribution and X is the corresponding
density. Also, for the special case where T = 0, we have an unobserved effects Tobit model that was considered
in Heckman and Macurdy (1980) and Honoré (1992).

The fixed effects estimator for 6 is obtained formally by concentrating out the fixed effects 7, from the

criterion function. We solve
~ T 7y T ~
7; (0) = argmax 35, ¥ (zi;0,a) and 0 = argmax Y| 3=, 9 (i ¢,7; (¢))
a C

where 7, () is obtained for each individual ¢. Substituting out the estimator for v, in %, then leads to the

concentrated criterion function and @ can be characterized as the solution to the first order condition
T g
0= Z?:l Zt:l Ul (xltv 97 Vi (0)) ) (2)

where we use the following notation throughout the paper:

oV (x5 0,7, oV (x5 0,7, oV (x415 0,7,
Ui@it;gm)zu_pm.%, Vi (i3 0,7;) W

lolv)
_ 821/J (xit; o, ’Yio) 82¢ (xz‘ﬁ fo, %‘0) _ aU; (xiﬁ 0o, ’Yio)
po= B |G| [ TRl g = [P

Note that, in case 9 is the log likelihood, V; (x;0,7;), U; (zit;0,7;), and Z; denote the score for «,, the

)

efficient score for #, and the Fisher information for # from the ith observation. For simplicity of notation,
we will write Uiz = U; (z44;00,7,0) and Vie = Vi (w443 00,7;0). We will denote by U,}* and U;;"* the first
and second derivatives of U;; with respect to ;. Likewise, we will denote by VZZ the derivative of V;; with
respect to ;. Note that E [U;}'] = 0.

The key to understanding inconsistency results when T is fixed and corresponding biases when T increases
with n is to note that, while E [U;;] = 0 in general, it does not hold that E [U (z;+;60,7; (00))] = 0. Replacing
v;0 With an estimator 7; (6y) therefore results in biases in the estimation of §. To understand the nature of
the bias introduced by the fixed effect estimator 7;, we consider an infeasible estimator 6 based on 7, (6)

rather than 7, (@), where 6 solves the first order conditions

0=>1 Zthl U (mit;ﬂé7 Vi (00)) :

Our analysis in Section 4 establishes an expansion for the more complicated feasible estimator 6. The results
in Section 4 imply that vnT (9 — é) = 0,(1), which means that the intuition gained from studying 0 carries

over to . For 0, standard arguments suggest that

VT (3-0) ~ (23, 7) S 3L 0 o7 00,

Because E [U (2443 00,7; (00))] # 0, we cannot apply the central limit theorem to the numerator on the right

side. We use a second order Taylor series expansion to approximate U (2;+;60,7; (6p)) around v;,:

1 n ~ 1 n
7T S S U (it 00,75 (60)) = Nei S Y Un

1 n T i~ 1 n T i 2
+ ﬁ iy Yot Ut (35 (80) = 7i0) + m Yoy Y1 Uit (i (00) = 7o)



The first term on the right will follow a central limit theorem because E [U;:] = 0. As for the second and
third terms, we note that 7; (o) — v, ~ T~ ' S1_, Vit (E [Vizi])il, and substituting for 7, (6p) — 7, in
the approximation for U (z; 00,7, (o)) leads to

00) = (i) (st

=1

T .
1 v E [U71’71]
- E Uy - —L4t_Jdy
VT t=1 ( " 2E [szl] '

The probability limit of the second term on the right determines the asymptotic bias of 6. Let
1 -1 1 n ZT ‘/it 1 E [U'lf)’z}

£ = —plim (— S I-> — ==l | Ul — ——=Vy

2 Znt) R | T [\

=1 t=1

We can then write
~ 1 i T
0~ 0+ (E > e Ii) <ﬁ Dl i1 Uit) +T7'8

where 77! can be interpreted as an approximation to the bias of 6.

The preceding discussion indicates the existence of two sources for the asymptotic bias. The correlation
between V;; and U;. is a generalized form of an endogeneity bias. Note that in linear panel models such
as the ones considered by Hahn and Kuersteiner (2002) this correlation is zero if the model only contains
exogenous regressors. With the more general non-linear models considered here it may be non-zero even if
all the regressors are strictly exogenous. The second term involves the variance and autocovariance of Vj;.
This second term in general is zero in linear models irrespective of whether the regressors are endogenous or
exogenous because for linear models U,,""" = 0.

To describe the nature of the bias more fully we define spectra and cross spectra at frequency zero in the

following way

Y= Cov (Vi Ugy) 7Y = 52 Cov (Vie, Viet)
(,OVU’Y = lim Z?:l (E [V;Zl})fl f—VU’Y, SOVV = %hmn—l Z?:l (E [V'l’th])*Q E [Ul’?%] fVV

K3 K3
Note that fivm and fiVV are cross-spectra and spectra at zero frequency of the processes U;, and V;;. We

fyu U
K3

and fYV to differ across i. Consequently, ¢"'Y" and

A
(2

allow for cross-sectional heterogeneity by allowing

Vv

%) are weighted averages of the spectral quantities and fYV. Our bias correction is based on the

characterization that
f=-T7'v (3)

where U = oYU — YV and the existence of 7! = (limn_‘oo ntyY Ii)_l is justified by Condition 7 in
Section 4. We give an asymptotic justification for the approximate bias /3 in the next section.

If a reasonably precise estimator B of B is available, we would expect that 0=0-— T_lg would be less
biased than the fixed effects estimator §. Hahn and Newey (2002) proposed a method of characterizing
and estimating 3 for the static model when x;; is iid. over time. In the context of the binary panel model

discussed above, this implies that their bias reduction may be used if (z};,e;)" is independent over time.



Unfortunately, this requires that even the explanatory variable z;; satisfies the independence restriction over
time, which is expected to be violated in many applications. Thus, one important difference between the
case considered in Hahn and Newey (2002) and our model is that all the elements of the second order term
of the expansion are correlated across different time periods.

Our estimate of the asymptotic bias is based on sample analogs of Z and W. For this purpose, we construct

sample analog estimators for E [VJL E [U;”i], fivm7 and £V, and plug them into the expression for j3.
We will use the hat notation to denote these sample analogs.! Natural estimators for E [V;}'] and E [U;"""]

are then given by
~ 1 . R ~
E [V;Zl] = T Z;F:I ‘/zzlv E [UZ’YI%] = T_1 Z?:l U;’i%7

The estimators for spectral quantities fV'YU" and f" are given by

(2

VU ~vu” VvV A%
fi = Z;me Fil ) f1 = Z?ifm Fil )

where
B - L max(T,T+1) __ o S L max(T,T+1l) |
Iy =T > VaUy,, Iy" =T > ViVie.
t=max(1,l) t=max(1,l)

The parameter m is a bandwidth parameter that needs to be chosen such that m/T'/? — 0 as T — co. We

thus estimate 8 by

For many microeconometric applications, T' is relatively small so a natural choice for m would be 1 in
practice, which is the bandwidth considered in our Monte Carlo experiment reported in the next section. Our
Monte Carlo experiments also indicate that the bias of the MLE is quite small even with moderately large T,
which is further justification to focus on cases where 7" is so small that m = 1 is the only reasonable choice for
the bandwidth. Nevertheless, when T' is moderately large, which is unlikely in many applications, bandwidth
selection methods developed in the time series literature could in principle be used here. The literature on
spectral density estimation has focused on three main methods. Kernel smoothing and optimal bandwidth
selection was considered by Parzen (1957). The special case of spectral estimation at zero frequency was
further analyzed by Newey and West (1987, 1994), Andrews (1991) and Andrews and Monahan (1992).
Methods for selecting the bandwidth discussed in these papers are based on minimizing the approximate
mean squared error (MSE) as a function of m and on plugging this optimal choice of m into the formula
for the spectral density. It follows immediately that our Conditions 3 and 4 discussed in Section 4 imply
that Assumption 2 of Newey and West (1994) holds uniformly in i. This suggests that a formal theory of

bandwidth choice could be based on selecting m; optimally for each individual time series. This choice is not

IPrecise definitions can be found in Appendix A.



likely to be optimal for ¥ however, and additional work would be needed to establish uniform convergence
of any choice of m that is individual specific. For the aforementioned reasons we do not believe that it is
worth while to develop these results in more detail.

A second approach to spectral density estimation is the cross validation procedure of Hurvich (1985),
Beltrao and Bloomfield (1987), Robinson (1991) and Velasco (2000) which has the advantage that it does
not rely on additional nuisance parameters such as formulas of the approximate MSE that are needed for
the plug in procedures. Cross validation is thus fully automatic which is not the case for the plug in
methods where the best currently available procedure by Newey and West (1994) still needs a non-automatic
bandwidth choice for the estimation of the nuisance parameters. Currently, cross-validation for a single
frequency is only considered by Velasco (2000) under conditions that are more restrictive than ours. This
indicates that more research would be needed to adapt this procedure to our application. A third method for
spectral density estimation is based on infinite order vector autoregressions (VAR(c0)) as flexible parametric
forms of the covariance structure. Such methods were proposed by Akaike (1969). Integrated MSE optimal
selection of approximating VAR(h) models was analyzed by Shibata (1981) but fully automatic versions
implementing this selection procedure do not seem to exist in the literature. Recently, fully automatic
versions of asymptotically unbiased VAR(co) estimators were obtained by Kuersteiner (2004). In principle,
VAR approximations could be adapted to our context but this is beyond the scope of this paper.

Our formulations for estimators of fivmand 1YV rely on the truncated kernel. Newey and West (1994)
argue that the choice of the kernel function is of secondary importance in the performance of statistical
tests based on spectral estimates and we conjecture that this is even more so in our application. When
spectral densities such as fVU” and f¥V are estimated in the context of constructing confidence regions or
test statistics, one needs to guarantee that the estimators are positive definite matrices. This is typically
achieved by choosing appropriate kernel functions as pointed out by Newey and West (1987) and Andrews
(1991). In the current context of bias correction, positivity of the estimates is of no concern and the main
motivation for using any kernel other than a truncated kernel disappears. On the other hand, plug-in methods
for bandwidth selection are mostly formulated for kernel functions other than the truncated kernel. If such
automated procedures were to be used then a kernel based estimate may be preferable even in our context.
As explained earlier, these problems can be neglected for the sample sizes we think are most relevant to the

bias correction problem.

3 Monte Carlo Results

In order to evaluate the quality of our bias corrected estimator, we conduct some Monte Carlo experiments.
We consider a binary response model with lagged dependent variables. Specifically, we consider a model,

where

vio = 1(70+ 2oCo + €i0)
1 (vi0 + 21:Co + Yit—1 - To + €it) t=1,....,T—-1;i=1,...,n

Yit

By generating ¢;; from two different distributions, we generate panel Probit and Logit models. Robert and

Tybout (1997) employed a panel Probit model, in which the coefficient of the lagged dependent variable



measured the importance of sunk costs in an empirical model of entry.> We generate the strictly exogenous
regressor z;; such that it is iid. N (07Idim(zi,,)) for Probit models, and N (O, (7r2/3) ~Idim(zit)) for Logit
models. Our 0 is the maximum likelihood estimator.

For the panel Probit model with fixed effects, there does not seem to exist any estimator in the literature
that attempts to reduce the bias of the MLE. We therefore limit our analysis to a comparison of the MLE
with the bias corrected MLE for the bandwidth choice m = 1. The results are reported in Table 1. We can
see that the bias corrected MLE removes about half of the bias and RMSE. To investigate the robustness of
our bandwidth selection we compare the performance of the bias corrected estimator for alternative choices
of m where we set m = 0 or m = 2. We find that m = 1 gives the best results over all in terms of bias
reduction and RMSE.

For the panel Logit model with fixed effects, Honoré and Kyriazidou (2000) proposed an estimator that
is consistent under large n, fixed T asymptotics. We therefore compare their estimator to the MLE, and the
bias corrected MLE with m = 1. As in the panel Probit case, the bias corrected MLE removes about half
of the bias and RMSE. When dim (z;;) = 1, our bias corrected estimator is slightly inferior to Honoré and
Kyriazidou’s estimator. The latter is known to have a slower rate of convergence when dim (z;;) is large. We
therefore compare the properties of their estimator with ours when dim (z;;) = 2. We find that, when the
dimension of z; is as small as 2, our bias corrected estimator strictly dominates Honoré and Kyriazidou’s
(2000). We conjecture that the poor performance of the Honoré and Kyriazidou estimator is due to the fact
that the z;’s are continuously distributed.?

It should be pointed out that the initial observation y;o was generated in such a way that the stationarity
assumption is violated. Monte Carlo evidence therefore suggests that our bias correction is robust to mild

violations of the stationarity assumption.

4 Asymptotic Theory
We assume the following:

Condition 1 For eachn > 0, inf; |Gy (60, %i0) = SUP{(0,4):1(0,7)— (00,7,0)[>n} G0y (0,7)| > 0, where é(i) 0,v,) =
T Y0¥ (@a;0,7;) and Gy (0,7,) = B[ (23 0,7:)].

Condition 2 n,T — oo such that 7 — K, where 0 < k < oo.

Condition 3 Suppose that, for each i, {zy,t=1,2,...} s a stationary mizing sequence. Let A} =
0 (Tity Tit—1, Tit—2, ) s Bt = 0 (Tit, Tit+1, Tit42, ...) and a; (m) = sup, SUPAc A, BeBI, |P(ANB)—P(A)P(B).
Assume that sup; |a; (m)| < Ca™ for some a such that 0 < a < 1 and some C > 0. We assume that

{zit,t =1,2,3,...} are independent across i.

2Tt should be pointed out that they assumed the random effects model. Because there did not exist any estimator that
dealt with the incidental parameters problem with panel Probit models, it is perhaps unavoidable that they had to assume this

particular structure for the individual specific effects.
3The method Honoré and Kyriazidou depends on a bandwidth choice. In our tables we report results obtained with their

preferred choice ¢ = 8 (their notation). Especially for the case dim(z;:) = 2, which is not reported in their paper, we

experimented with ¢ ranging from .1 to 8192 but found no significant effect on the performance of the estimator.



Condition 4 Let i) (a1, ) be a function indexed by the parameter ¢ = (0,~) € int @, where ® is a compact,
convex subset of RP and p = dim¢ = R+ 1. Let v = (v1,...,vk) be a vector of non-negative integers
v, v = 25:1 v; and D" (x4, ¢) = 0V (zir, d)/ (04]*...00}"). Assume that there ezists a function
M (zy) such that | DV (241, ¢1) — DY (mig, 9o)| < M (zir) ||p1 — 2|l for all ¢, ¢y € @ and |[v| < 5. We also
assume that M(x;;) satisfies supyeq [|DVY (it, ¢)|| < M(w44) and sup; E [\M(mit)|10q+12+6} < oo for some
integer ¢ > p/2 + 2 and for some § > 0.

Condition 5 inf; infr A\;r > 0, where A\;r is the smallest eigenvalue of X;7 = Var (T‘l/2 Z;‘F:l Ui (2440, 'yl)>
Condition 6 inf; |E [0V (zi;00,7:0)/ 07:]] > 0.

Condition 7 Let p;; < ... < py < .o < p;p be the eigenvalues of Z; in ascending order. Assume that
(i) 0 < inf; p;y < sup; pip < 00; (i) I, oo n™t >0 | T; eaists; (iii) letting T =lim,, oo n™* > " | Z;, we

assume that I is positive definite.

Condition 1 is a sufficient condition that guarantees that the parameters are identified based on time
series variation. This is a typical condition usually invoked to prove consistency of extremum estimators.
Condition 2 formalizes our asymptotic approximation, where n and T go to infinity at the same rate.
Condition 3 restricts the serial dependence in each time series {z;;,t =1,2,...} as well as the moments of
D). Condition 3 also imposes stationarity, which rules out time-dummies. This is one important drawback
of our approach. Stationarity is sometimes used as a way to solve the initial conditions problem associated
with a random effects approach. Therefore, there might be less of a case of taking a fixed effects approach
under stationarity. Finally, Condition 3 imposes only mild assumptions on the behavior of x;; across i. In
particular, we impose a uniform upperbound on the decay rate of temporal dependence without requiring
that dependence be homogeneous across i. Conditions 5, 6, and 7 are put in place to rule out the possibility
that the properties of any estimator can be influenced by only a small number of ¢’s.

We discuss in turn the additional restrictions necessary such that our examples satisfy Conditions 1-7.

Example 1 cont.: From Newey and McFadden (1994, p.2125) it follows that the Probit likelihood has a
unique maximum and F [|¢) (zi4;0,7,)|] < oo if E [wiw),] is positive definite where w;; = (1, 2,)". Also,
¥ (24450, ;) is globally concave such that G ;) (¢,7;) has a unique global optimum. Similar arguments
hold for the Logit case. Condition 3 is satisfied if z;; is a stationary mixing sequence with mixing
coefficients «; such that sup; |a; (m)| < Ca™ for some a such that 0 < a < 1 and some C > 0 because
;¢ i1s a measurable function of z;; and thus inherits the mixing and stationarity properties from z;;. For
Logit and Probit models all finite order derivatives of log A (v) exist and are continuous. This implies
that the derivatives are uniformly bounded on a compact parameter space ® and satisfy the Lipshitz
condition of Condition 4. For the Logit model with A(z;;, ¢) = (1 + exp(y; + 2z0)) %, it follows that all

the derivatives of log A(z;, ¢) are of the form D [(zgtgb)‘vl] 9jo|(2;¢) with gj,| () a uniformly bounded
|v+10q+12+5}

J
25 < 0

function. The moment restrictions of Condition 4 are then satisfied if sup; &2 [

for j =1,..., R where szt is the j-th element of z;. Similar results hold for the probit model where we
also require the same moment bounds on zft If the regressors are assumed to have bounded support,
this requirement is automatically satisfied. For the Probit model Conditions 5, 6 and 7 hold if E [w;;w},]
is positive definite uniformly in ¢ by the results of Newey and McFadden (1994, p.2147 and Footnote
29).



Example 2 cont.: De Jong and Woutersen (2003) discuss conditions for consistency which are analogous
to the case in Example 1 such that for w; = (1, yir—1, zgt)/ we need E [w;;w},] nonsingular. Stationarity
and exponential mixing conditions hold if z;; is strictly stationary with mixing coefficients a; such that
sup; |a; (m)| < Ca™ for some a such that 0 < a < 1 and some C' > 0 and ¢;; is iid. Then, by de
Jong and Woutersen (2003, Theorem 2), it follows that (y;, z;:) is strong mixing with strong mixing

coefficients 3, = Cy (C1 exp(—Cam) + «; (m)) for positive constants Cy, Cy, Co and can be assumed to
v|+10q+12+6]

J
Zit

< o0

be strictly stationary. The moment bounds are satisfied as before if sup, £ [

and the remaining conditions hold under the same assumptions as previously discussed.

Example 3 cont.: Identification as in Condition 1 follows if (34, 70,740,0%) € int ©, E [wiw},] is positive
definite for wy; = (1,yi—1,25)" and e is iid Gaussian from Amemiya (1973) and Olsen (1978). In
this example it is not clear whether the mixing property can be established as before. We use it to
illustrate the role that the mixing condition plays in our proofs and how it can be relaxed. Inspection
of our proofs shows that the mixing condition is only used as a convenient way to summarize the decay
pattern of autocovariances of various nonlinear functions of x;;. In particular, our results depend on
the moment inequality of Hall and Heyde (1980, Corollary A.2). Assume that |7g| < 1, &;; is iid across
i and t with g4 ~ N (0,02) and 2 is strictly stationary and mixing with sup; |a; (m)| < Ca™ for some
a such that 0 < @ < 1 and some C > 0 and sup; E [|z;]"] < oo for some r > 7 + 10g + 12 + § with
q > p/2+ 2 and for some ¢ > 0. Let y;; and ¥ (z;;0,7,;) be as defined before in Example 3. Then,
Condition 4 is satisfied, z;; can be assumed to be strictly stationary and for |v| < 5 autocovariances
of D¢ (z;1, ) decay exponentially uniformly for ¢ € int ©.! Conditions 5, 6 and 7 hold if E [w;zw],]
is positive definite uniformly in ¢ by the results of Amemiya (1973).

It can be shown that the parameter estimates are consistent under the alternative asymptotics: For every

n >0,

Pr H@—Ho‘ 277} =o(T™) (4)
and
Pr | max s =l > 0] =0 (1), )

See Appendix C for a proof. Although these consistency results are not directly useful in understanding the
asymptotic bias of 0 discussed below, establishing uniform consistency for the parameter estimates is the key
to constructing consistent estimates of the asymptotic bias. This is because the asymptotic bias implicitly
depends on 9 and 4,, and the natural estimator using sample analogs requires substituting 9 and 7, for 6
and ;9. Uniform consistency of the fixed effects can also be useful when estimates of the fixed effects are
necessary to evaluate the average partial effects of z;; on y;; in the panel Probit example.

We now present a theoretical justification of the asymptotic bias formula, which is based on a higher
order expansion. The expansion is defined in terms of functional derivatives of the population distrib-
ution of z;; in the direction of the empirical distribution function of the sample. To describe the ex-

pansion let F' = (Fy,...,F,) denote the collection of (marginal) distribution functions of x;; and let

4 A proof is available upon request.



F= (ﬁl, ceey F\n), where 131 denotes the empirical distribution function for the i-th observation. Define

F(e)=F+eJT (ﬁ - F) for e € [0,771/2]. For each fixed § and e, let v, (6, F; (€)) be the solution to
the estimating equation 0 = [V; [0,, (0, F; (¢))] dF; (€), and let 0 (F (¢)) be the solution to the estimating
equation 0 = Y7 | [U; (zi;0 (F (€)) ,v; (0 (F; (€)), F; (€))) dF; (¢). By a Taylor series expansion, we have

- 1 1/ 1) 11\
OIF)—0(F)=—=6°0)+=—) 00)+=—) 0°(¢), 6
(F) -0 == 0+3(5=) e 0+5(5=) @ (6)
where 0° (¢) = df (F (¢))/ de, 0 (€) = d?0 (F (¢))/ de?, ..., and € is somewhere in between 0 and 7-1/2.

Lemma 2 in the Appendix allows us to ignore the last term. We will therefore work with the expansion

VnT (a (ﬁ) —9 (F)) = JFT%@& (0) + \/n_T% <%)2 0 (0) + 0, (1) (7)

The term

is the efficient score for 0 evaluated at v,,. It admits an asymptotically normal distribution centered at zero
because it is essentially an average over independent, mean zero random variables. It is shown in Appendix

C that the second order term in our expansion takes the form

Zt 1 Zt
VTE [Vy']

n

%\/n/—TO“ (0)= /% (% Z?_lfi) B Z

+o,(1).

E Uin,’Yz‘
> (03 - v
\F 2B [Vii']
It turns out that under our asymptotics where n and T tend to infinity jointly, the first term on the right of

(7) determines the asymptotic distribution of the estimator, while the second term turns out to be a pure

bias term. In the proof of Theorem 1 in the Appendix, it is shown that

ZZUH—MVOQ) (8)

zltl

where Q = lim,, n ! Z?Zl Y, and ¥;7 = Var (T*I/2 Zle U; (zit; 0, 71)) . It may be interesting to point out
that the Central Limit result in (8) is based on the independence across individuals i of the triangular array

—1/2 Zt 1 Ui (2440, ;) where vip has uniformly (in ¢ and T') bounded variance ¥;r. In other words,
the mixing and stationarity properties of the process x;; do not play a major role in this result, except to
guarantee the uniform boundedness of ¥;7. We also point out that we do not need to impose homogeneity
of the distribution of z;; across individuals, as long as moments are uniformly bounded across i.

In the same way we show that

Zt 1 Vit
k|

In this case the stationarity assumptions for x;; do help to simplify the form of ¥ but it is clear that more

=T +o0,(1). 9)

t:l

general results could be obtained without this restriction.
While stationarity assumptions do not play a crucial role in the representation of our main result in

Theorem 1 they are used in bounding the error terms in the approximation of the first order condition.
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Our results rely on an extension of a Lemma by Lahiri (1992) where we use the stationarity assumption to
simplify the argument. It is possible that a different proof strategy could be used to relax this restriction
but this question will be left for future research.

The asymptotic distribution of the fixed effects estimator 8 is obtained by combining (8) and (9):
Theorem 1 Assume that Conditions 1, 2, 3, 4, 5, 6, and 7 hold. Then
VnT (@ - 90) N (WE, 70 (z/)*l)
where B = -7,

Proof. See Appendix C. m

We can further show that the bias corrected estimator removes the asymptotic bias:

Theorem 2 Assume that Conditions 1, 2, 3, 4, 5 and 7 hold. Let m,T — oo such that m/Tl/2 — 0. Then,
vnT <§— 9) — N (0,27'QZ 1), where 0=0— %B

Proof. See Appendix C. =

5 Summary

In this paper, we provide a simple characterization of the asymptotic bias of a fixed effects estimator for
dynamic nonlinear panel models with fixed effects. The asymptotic bias was based on the “large n, large
T” asymptotics adopted by, e.g., Hahn and Kuersteiner (2002) and Hahn and Newey (2002). A method of
reducing bias based on these expansions was developed.

The method we propose is quite flexible and our examples show that it can be applied to a variety of,
mainly parametric, non-linear models. For some of these models there do not seem to exist any adequate
alternative estimators which are less biased than the MLE in finite samples. The dynamic panel probit model
is an example of such a model. We investigate the quality of our bias correction for this particular example
and the closely related dynamic panel Logit model. For the latter there does exist an alternative estimator
by Honoré and Kyriazidou (2000). We expect our procedure to perform relatively well compared to this
particular alternative procedure in situations where there is a reasonable amount of time series variation
in the data, the dimension of the regressor space is relatively large and at least some of the regressors are
continuously distributed. We conduct a Monte Carlo experiment to shed some light on the data-requirements
for our method to perform well.

As is apparent from the previous discussion, the quality of our approximation may be poor in some models
or for certain type of data sets, especially when T is much smaller than in our Monte Carlo experiments. For
linear models there are a number of alternative approaches to the estimation of models with individual specific
fixed effects. One example of a method with desirable finite sample properties is the quasi MLE developed
for panel vector autoregressive models by Binder, Hsiao, and Pesaran (2000). It might be interesting to

develop a nonlinear analog of this procedure.
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Appendix
A Sample Analogs

~ oY (wu;@, :?z) Sy, 82¢ (xit;/éa %)
a,yi ) Vit = 672 )

T 9% Z T 9% (xzt, ,%)

~ 1 (wlt’ ’%) h -1
Pi ZT Z 900, ’

o (ziﬁa%) N o (xit;ga%)

=
I

ﬁit = 0 — P 6% )

~ 0% (x4 ;5, Yi N P (@ éav i

Uy = g’yf@@ ) Sk (8;2 )
N 93 Z—;@ i o? i;@,AZ—
e = (U E()thaa Y ) s (4 (2,;3 v ) |

B Auxiliary Lemmas

We present a few Lemmas needed in the proof of the main results of Section 4. All the proofs are available

upon request.

Lemma 1 For all n > 0 it follows that

Pr
1<i<n (0,

max sup ’G @ (0,7) — G (9,7)‘ > 77] =0 (T*l)

3
Lemma 2 Pr {max0<e< L |0°°C (¢)] > C(Tﬁﬂ}) } = o(T™") for some constant C > 0 and 0 < v <

(100 + 120) "

Lemma 3 Assume that x;; satisfies Condition 3 and let & (xy, d) be a function indexed by the parameter
@ € int & where ® is a conver subset of RP. For any sequence ¢; € int ® assume F [€ (x4, ¢;)] = 0. Moreover
supy [[€ (wit, #)|| < M (24¢) for some M (1) such that E [M (atit)4] < oo. Let Bpr => 1, Ef% with Ef% =

Var (% Zthl & (4t (;Sl)) . Denote the smallest eigenvalue of Efqé by /\fT and assume that inf; infr /\fT > 0.
Then \/% S S E (i, ) 4N (0, f%¢) and sup; LI IS FE with
=0 CE[E (i ¢) € (g b))

Lemma 4 Let & (xi,¢) be a function indexed by the parameter ¢ € ® where ® is a conver subset of
RP with E[§ (zi, )] = 0 for all i,t and ¢ € ®. Assume that there exists a function M (x;) such that
1€ (@its ¢1) — € (@it, §2)| < M (i) |61 — &5| for all ¢1,0y € © and supy € (i, ¢)| < M(zit). For each i,
let x;+ be a a-mixing process with exponentially decaying mizing coefficients o, (m) satisfying sup; |a; (m)| <

™ for some a such that 0 < a < 1 and some 0 < C < co. Let q denote a positive integer such that g > p+4

12



where p = dim¢. We also assume that E \M(xit)|10q+12+6] < 0o for some & > 0. Finally, assume that

n =0 (T). We then have Pr {maxi % Zlef(acit,(bi) > T%O_”} =0 (T™") for 0 < v < (100q + 120) "

Here, {¢;} is an arbitrary nonstochastic sequence in ®.

Lemma 5 Let Conditions 1, 2, 8, 4 and 5 be satisfied. Then Pr {maxi SUPc[0,1/v/T] [75 (e)] > Tl—lo—v] =
2
o (1Y), Pr[max; [5; (0)] > TH ] = o (1Y), Pr [maxi b, [0,y 15" ()] > (T75) ] = o(T7),

VT (7, — %o)‘ > Tl/lo—v} =0 (T for 0 < v < (100g + 120)~"

and Pr [maxi

Lemma 6 Let ki = k(xi;60,7;0) and kir = k (mt;g, §Z> where x;; satisfies Condition 3, ki satisfies
Condition J and 0, v, are defined in (1). Assume that E [ky] = 0 for i,t. Let A; be conformable matriz of
constants such that max; ||A;]| < co. Let ffk =57 E [kitki,_,] and [ = lim, oo n ™300 A fE.
Then, 37" | A; (% S min(1 T 1) 3o kik!, l) — f** = 0,(1), where m, T — oo such that m = o (T/?).

t=max(1,l)

C Proof of Main Results

Proposition 1 Assume that Conditions 1, 2, 3, 4, 5, 6, and 7 hold. Then, for everyn > 0, Pr H@ — 90’ > 77]
o (T") and Pr[maxi<i<n |[7; — Vol =nl =0 (T71).

Proof. The result follows by standard arguments from Lemma 1. m
Proof of Theorem 1:. We first obtain a Taylor series expansion in € for § (F (¢)) as defined in Section
4. By Lemma 2 we only need to consider the first two terms in the Taylor expansion of @ (F (¢)) formally

stated in equation (6). Let
hi (-,€) = Ui (50 (F (€)),7; (0 (F (€)), Fi (€))) (10)

such that 6 (F' (¢)) solves the first order condition which may be written as

==Y [ hit9dr @ (1)

Differentiating repeatedly with respect to €, we obtain

0 %i/dhil(e-,e Z/ €) dAur (12)
0 = —Z/ dF €) + 2~ Z/dh dAzT (13)
0 = —Z/ dF €) + 3= Z/ dAzT (14)

where Ajr = VT (1?'Z — E)
Evaluating (12) at € = 0, and noting that E [U;"] = 0, we solve® for 6 (0) = df (F (e)) /de such that

n -1 n
_ (% 3 L) (% 3 / Uz-dAz-T> (15)

5More detailed steps of this derivation are available on request.
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Using Lemma 3, we show that

1\/722 Uit — N (0,Q)

and

1. 1\ [ 1 &KL i i
\/ﬁﬁe (0):<EZL’> (\/ﬁ—\/TZZUi>—>N(O,I Q(T') )

i=1 i=1 t=1

We now turn to the analysis of the term 6° (0) = d26 (F (¢)) / (de)* which depends on the estimator for
4, and reflects the impact of incidental parameters on the bias of 6. In order to evaluate this impact we need

to analyze the first order conditions for 4,. In the ith observation, v, (0, F; (¢)) solves the estimating equation

/ Vi (56,7, (6, F; (¢))) dF; (€) = 0

Differentiating the LHS with respect to 6 and e, we obtain

Vi (-0, ¢) Vi (-0, ¢) 97 (6, Fi (¢))
0o - [F dz(e)—&—(/ i, (o) G
_ 8‘/1 (',9,6) 871‘ (H,Fi (6))
0 = (/ Tsz (€)> T+/m<7976) dAzT
Equating these equations to zero and solving for derivatives of -, evaluated at e = 0 gives
Vi
o _ B
(3 6‘/1 ’
B [55]
N = Zf 1 Vit _ _T71/2 ZtT:1 Vit
R
where 7/ = 87'(9551-(0)) and ¢ = 9y, (9 Fi(0))

Now, evaluating each term of (13) at € = 0, and noting that F [U]} = 0, we obtain
1 oU;
— _ E 066

2 — . o?U; 7 . 2 = ¢ e B 0%U;
ey M e CICRE WU R fay

7 (3

2 o o*U; 7 . Lm e 2 2*U;
z 0. | il N . g
#9230 O ] 00+ S 01008 | g
I~ .2 0%U;
20078 ]
2 — ou; o 2 e . Y +9) ou;
*nE_;( g AT ) +n;9 / i+ Z /

where
G= { 6 (0 (% S B {%D o 0) - 6% (0) (% S B {%}?D 6 (0) ]

14

T

(16)



from which we obtain

1 & 1« 5 U 2L oU;
- Z; | 6 (0) = = - B — o | =—dA; T 19
for some T = O, (n_l) . (Proof is available upon request.) It follows that
N (i>2966 (0)
2\VT
n -1 n T T ViV
n (1 1 1 Vit 1 - E[U]
—F(Esn) (A el s (e - 2R ) | o
T (n i=1 > S IVT S E [gﬂ T\ 2F [QTV]
It remains to establish the limiting behavior of 8¢ (0) . Let Zyp = |—= S17 | —Y LT (U - Bl ] Vi
g . T = T t=1 E{g_:f] VT t=1 i QE[Z_:H 7

Then, Z,r are independent across ¢ such that

gD _EUTT] oy
TR )

where S = TV ! B [VaU]¥'| and SYY = 7157 ) EIViV). Next note that

’
YigrYe VUVU/r
T E [Vitl Vit4Uit2Uit3] =X Xir

vz = Ty (2 [34])°

B (U] (B |VinVir Vies Uz | - SHYSEY')
2 (m[3])
(B [Vi Vie Vi Uiy | = SV SHY) B (U]
2 (s [3])
| E (U] (B Vit Viea Vit Vira) — SV ERY)
(e[
Note that ‘/’itkait,;,/ are random variables measurable with respect to the filtration generated by z;;. By

Condition 4, sufficient moments exist to apply Corollary A.2 of Hall and Heyde (1980, p.278) as well as

Lemma 1 of Andrews (1991). First note that for any element (j1,j2) we have

B [Vie, Ve Uy U335 | = [SYPSY') 0 = B WVieVied) B [UR U3
UTY'i)jl U%jz)

4 B[V U] B [Vie U7 + Cum (Vay Vi Ui U

where the fourth order cumulant Cum (Vitl, Vits, U;;’j t U;ij %) is uniformly summable. For § > 0 and some
constant 0 < ¢ < oo it follows from Corollary A.2 of Hall and Heyde (1980, p.278) and Condition 3 that

1
2467\ 248 [t1—ta|
Uit :|) (afﬁﬁ>

ito

<se (B W)™ (|

o[ 17
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with similar inequalities holding for the remaining second moments. These arguments establish that

sup | T Z B [V, Vi Uz U | = SH S| = 0(1)

t1,...,t4=1

and the same can be established for the remaining terms in Var(Z;r). By the Markov inequality it follows

that
Pr {

such that 137"\ Z;p = 23" | E[Z;7] + O,(n~'/?). By applying Lemma 3 to £ = (V,U7), we obtain
-

L

- Yoic1 (Zir - FE [ZiT])’ > n] <

sup, Var(Z;r)
_—
nm

sup; |E}§«U ’ — 0 and sup; |Z}§«V - fy V‘ — 0 as T" — oo. Uniformity of convergence then implies

that joint and iterated limits exist and agree such that £ >°" | F'[Z;r] — . Therefore, we have

Jﬁ% (%)29“ (0) = \/g (% éz) Ty o, (1)

and the result of the Theorem follows immediately upon combining the results for 6 (0) and 6° (0). m
Proof of Theorem 2:. We note that B depends on the estimators 6 and 4, We obtain feasible
versions of 4, by substituting 0 in the criterion function and maximizing with respect to 7, such that 4, (e)
solves 7, (¢) = argmax, [ mit;g(e) ,a) dF; (e). Using the same arguments as earlier, we are looking for
the expansion 7, (€) — 7,0 = %?E (0) + 5575 (€) for some & € [0,7~/2], which can be derived from the first
order condition 0 = [ v; (-, €) dF; (€), where v; (-, €) = V; (0 (F (€)) ,v; (F; (€))). Considering the expansion for
7, (€) — 7,0 is useful in establishing uniform rates of convergence for 4, across ¢ which in turn are needed to

prove that B — B =0, (1) . Differentiating the first order condition repeatedly with respect to €, we obtain
d i\
0 = / Y Cl(e 6) dE (E) + /’Ui (', 6) dAzT (20)
d?v; (-, €) dv; (-, €)
= — 2 dF; 2 ~dA 21
0 / de2 dF; (e) + / e ——=dA;r (21)

From (20), we obtain

70 = @) (e, 2 g (o) (22)

() [ )emor o foom] o

where 0° (0) is defined in (15). From (21), we also obtain a characterization of 7;° ()

i (€)

. Cr)’Ul (‘, ) € avi ('7 6) ] €€
0 = 0 8989, Fi(@0 (0 + [ Zedar o6 (o
/ G ldr 0 (07 0+ [ Tldar 0 6 )
v [ ZEean 05t @ + [ T anae @+ [ FgeSaniAic @
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We use these results to show that E— B = 0p(1). First consider E [Vﬂ’} = % Zil V) (a:l-t;@, %) We have

T

T
Z J (xit;/év %) - %ZVJI (%‘t;am%‘o)

t=1

|EWvr] - BV

’ﬂ |

T
Z (wit; 00,7i0) — E [VJ’ (zit§00a7i0)] H
=1

( iwzn ||> ([[p o] + max 7 = 70])

T
Z :E’Lty b, 710) [‘/zpth (xit; 6o, ’Yi())] H

+ max
2

so that

max||E (V"] - E [V}

’ < (max—ZHM Tit ||> (H9 9H+maX|% ’Yzo|)

T

1 . )

T > Vi (@i 00,7i0) — E [Vid* (wit; 00, 7i0)]
t=1

By Lemma 4 the second term tends to zero with probability 1—o(T~1!). Applying Lemmas 4 and 5 to the first
term, we obtain max; [VZ’Y] — E[V] [Vie] — B[V H =

B (077 = B [U77] = 0y (1). Let B[V"] = B[] + 0,(1), which holds uniformly

+ max
K2

) = 0, (1). In the same way, we obtain max;

op (1) and max;
< sup; B (1M ()] (|8 = 0] + maxi Fi = vl ) + 05 (1) Since [ = 0] <
35 (0)] + 55 \A“( )| with max; T~ [3¢ (0)| = 0,(1) and max; T~ [75° (¢)| = 0,(1) by Lemma 5, it
(1) such that n= 1 2" | Z; — T = o0,(1).

Using these results we now have

in 4. Thus, max; —

—= |
VT
follows that max;

n J}\/Uv }va

7: p—

1 1
E[v;] B[V

n
i=1

1y (B o | B B o Y],
~ g - p '
S 2 (Bv) =MD

In order to establish the result we thus need to apply Lemma 6 to show that

_J?‘VU"’ _ v n | E [U?m (xit;e,%ﬂ (ﬁ/v - fivv>

L~ | ) ) Yy 1 .
E; _W] B p(l)’ n; (E[Vl'tyl])Q - p(l).

> 0 by Condition 6 and ||E[U7ﬂl (Iit;Q,%)]H <

The result follows by Lemma 6 since inf |E [V;"]
EM (zi)] <oco. m
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